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JANE CRONIN solutions are admitted, then the differential equation always has at least one solution for each boundary function sufficiently close to the boundary function of the given solution. We obtain a lower bound for the number of distinct solutions, and we obtain a sufficient condition that there exist a real solution of the differential equation* More precisely, we consider the equation (E) F {x 9 y 9 z 9 p 9 q 9 r 9 s 9 t) = ψ(x 9 y),
where F is analytic in all its variables. (For simplicity of notation, we consider the case of two independent variables. All the results hold for the case of n variables.) Let R be a bounded connected region in the plane with a nice boundary S. 2 The normed rings £ α>Γι and e a m which consist of functions on the domains R u S and S, respectively, having α-Hδlder continuous nth derivatives, are defined in the usual way. Suppose (E) has a solution. z 0 G #α,3 with bound- Theorems A and B are direct extensions of the theorem on the continuity of roots [9, p, 122] of algebraic equations.
In order to investigate whether (E) has any real solutions, we use a concept of multiplicity that will be described in a later section of this paper.
THEOREM C. // the multiplicity of the solution z 0 is odd 9 equation (E)
has at least one real solution 9 that is, a solution in £ α ,3> for all φ 9 φ sufficient* ly close to φ Q9 φ Q .
Theorem C is a direct extension of the elementary theorem that a polynomial of odd degree with real coefficients has at least one real solution.
Instead of proving Theorems A, B, C directly, we shall study a functional equation of which (E) is a special case. Theorems A, B, and C are special cases of existence theorems which are obtained for the functional equation.
The existence theorems. Let X be a Banach space over the real numbers.
We consider the equation (1) (/ + C + Γ)x«y f where x 9 y E X, /is the identity, C is linear completely continuous, and Γ satisfies the hypotheses:
(2) There is a neighborhood U of 0 and a positive constant B such that
It is clear that x = 0 is a solution of (1) when y = 0. We assume that this is an isolated solution. The problem is to investigate the solutions x of (1) for given small y. To avoid repetition, we use the notation of [3] ,
In [4] and [5] , it was shown that studying the solutions of (E) is equivalent 338 JANE CRONIN to studying the solutions of a special case of equation (1). The proof given in [4] is shorter and clearer.
If (/ + C) is nonsingular, equation (1) has a unique local solution as shown in [3] . (Theorem A is a special case of this statement.) If (/ + C) is singular, we consider possible complex solutions by studying a complex extension of 
REMARK. Any element (u, v) G | f) may be written as the linear combination
The metric p of $) is defined in terms of the norm in X by
Since X is complete, <Γ) is complete. Also £) is an extension of X, that is, X is topologically isomorphic to the subset S of f} which consists of elements of the form (u 9 0). By a real element of £), we shall mean an element of 2 = X.
Using the Remark, we define a completely continuous operator C on ^ by Similarly, the linear operators £ t , S ι , and R are defined by:
and From these definitions, it is clear that C, We assume that there is a neighborhood /V of 0 in £!, and a positive constant β, [(u,v) ,
We also assume that x = 0 is an isolated solution of the equation in f,
(/ + C + 3)*=y f when y = 0. Hence we can apply the theory of [3] , [5] , and [6] to study the solutions of (2). As was shown, the problem reduces to that of solving an equation in £\, the null space of / + C.
(3) £
In this case, equation (3) is a system of n equations in n complex unknowns,
where G; is analytic in the complex variables zχ t 9 z n and continuous in y, and n is the dimension of %)χ We investigate the solutions of (4) Since m >_ 2 n , we have:
COROLLARY. For a good many sufficiently small y % equation (2) has at least 2 n distinct solutions.
Theorem B is a special case of the Existence Theorem and this Corollary.
3, The real existence theorem. The two preceding theorems are about the solutions of (2), an equation in the complex linear space ^. These solutions of (2) can be regarded as the "complex" solutions of the original equation (1) . However, we can also obtain information about solutions in X of equation (1), that is, "real" solutions of (1). We prove a theorem that is analogous to the theorem that any polynomial equation of odd degree with real coefficients has at least one real solution. (1) has at least one solution Λ GΪ for each sufficiently small y GX, (Theorem C is a special case of this theorem.)
REAL EXISTENCE THEOREM. If the index m is odd, equation
Proof. We show that if y is real, then the complex extension of equation (1), that is, equation (2), has a "real" solution, that is, a solution in X. It is sufficient to show that if y is real, equation (3) has a real solution x i% For 'ύ %ι is a real solution of (3), then
is a solution of (2) As previously stated, the problem of solving (3) is that of solving a system of n equations in n unknowns 
